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Abstract 

This paper proposes a novel approach that lies in the structure of the equations and 

the economic application to reflect complex nonlinear interactions between key 

macroeconomic variables such as inflation, exchange rate, unemployment, GDP, 

and foreign investment. The model contains nonlinear differential equations 

coupled with feedback terms that induce hypersonic behavior. This structure 

enables the study of economic instability under various parameter settings and 

analysis of control strategies stabilizing the economy. Numerical simulation 

displays the sensitivity of the system towards initial conditions and the presence of 

many positive Lyapunov exponents. The proposed model provides insight into 

economic fragility and allows the design of strong policy interventions. 
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1. Introduction   

Economic systems, especially in developing countries, are clearly connected and are highly sensitive to both 

internal and external disturbances. Traditional linear models often fail to accurately hold the underlying 

instability of developing economies [1-2]. As global financial structures become more complex, economic 

activities are rapidly connected, and political instability increases, a pressure is required for an advanced 

modeling structure. Drawing on the principles of chaotic dynamic systems, this study introduces a non-five-

dimensional model capable of capturing the complex and chaotic behavior of economic fluctuations. The model 

aims to assist policymakers in identifying systemic risks, predicting crises, and implementing coordinated 

regulatory strategies. 

Economic systems in developing countries are particularly prone to instability and sudden ups and downs, 

reflecting a high level of sensitivity to instability. These unexpected changes create important challenges for 

economists and policymakers trying to achieve economic stability and sustainable development [3]. While 

traditional linear economic models serve as a useful tool for basic forecasting, they are often less complex, 

dynamic, and low in capturing non-cylinder interactions that are characteristic of real-world economies. Such 

https://creativecommons.org/licenses/by/4.0/
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models ignore important aspects, including interlinking economic relations, response systems, delays of time, 

and structural imbalance [4-6]. Today's global economy is rapidly taking shape through interconnected forces - 

from capital flow and currency systems to trade integration and geopolitical changes. As a result, even local 

economic disruption can increase widespread crises through complex systemic linkage [7-9]. These realities 

call for more advanced modeling approaches that are capable of embracing non-surprise, reaction dynamics, 

and sensitive dependence on early conditions, which define the characteristics of ALIC. 

Inspired by the field of dynamical systems theory, this study proposes a novel five-dimensional (5D) nonlinear 

chaotic model to analyze macroeconomic instability in developing economies. The model incorporates key 

economic indicators and interaction parameters, enabling realistic simulations of chaotic behavior in economic 

variables [10-14]. 

The proposed model is designed to reflect complex economic mobility seen in unstable areas by incorporating 

major macroeconomic indicators such as inflation, exchange rates, unemployment, GDP and foreign direct 

investment. Instead of mimicking cyclic economic fluctuations only, the model wants to examine the root causes 

of instability, mimics the possible consequences of various policy interventions, and evaluate the control 

mechanism through synchronization-based analysis [15]. In this context, the study implements the concept of 

projective synchronization, which is derived from anarchic theory, how to find out how non-inviting strategies 

can be employed to stabilize or coordinate economic systems under unstable conditions [16]. This is particularly 

important in environment where direct intervention does not give linear or proportional results. The degree of 

coupling between projective synchronization systems allows for individual degrees, which can represent 

individual intensity or asymmetric responses in economic areas depending on [17–19]. 

This modeling framework fulfills both clinical and prescriptive purposes: it identifies systemic weaknesses and 

proposes a way to stabilize economic systems under various policy rules using dynamic synchronization [20]. 

The current study expands this literature by creating a high-dimensional chaotic system that embedded 

economic intuition within mathematically rigid structure. The inclusion of five state variables allows modeling 

cross-sector mobility with more loyalty [21]. 

Moreover, there is a lack of research that integrates chaos theory with practical policy simulation in a way that 

policymakers can interpret and apply. There is also a shortage of models that use synchronization theory to 

assess multi-sector interventions [22-25]. 

The motivation for this research stems from the need to bridge this gap by developing a realistic 5D economic 

chaotic system, demonstrating its dynamics under various synchronization conditions, and validating its 

behavior through rigorous mathematical and numerical methods [26-29]. This approach provides a robust 

framework for simulating different degrees of intervention. For example, complete synchronization may 

represent centralized coordination; anti-synchronization could model countercyclical shocks; and partial 

synchronization could depict sectoral asymmetry in policy response [30, 31]. In sum, this study contributes to 

the literature by offering a novel model that is both analytically rich and practically relevant. By unifying chaos 

theory, synchronization control, and economic policy modeling, it lays the groundwork for more adaptive and 

nonlinear strategies in macroeconomic stabilization. 

2. Research method 

Projective synchronization was adopted in this study due to its ability to achieve consistent relative tracking 

between the two systems, which is appropriate for economic models characterized by varying levels of variables. 

The choice of a control method based on Lyapunov theory is also due to its ability to ensure the mathematical 

stability of the system and the continued disappearance of errors over time. The modeling process begins by 

defining the economic system as a driving system, then building a response system equipped with control units 

specifically designed to ensure synchronization between variables according to precise mathematical conditions. 
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Figure 1(a,b) and Figure 1(c,d) show the attractors of the new five-dimensional chaotic system. These figures 

illustrate the chaotic behavior resulting from the interactions between economic variables such as inflation, 

exchange rate, unemployment, GDP, and foreign investment. 

Common definition of projective synchronization (αᵢ = constant), we consider the following two nonlinear 

dynamical systems: 

𝑋̇𝑖 = 𝐹1(𝑋𝑖)  ….    (1) 

𝑌̇𝑖 = 𝐹2(𝑌𝑖) + 𝑈(𝑋𝑖 + 𝑌𝑖)  ….   (2) 

Where 𝑋𝑖 = (𝑥1, 𝑥2𝑥3, …… . , 𝑥5)
𝑇 and 𝑌𝑖 = (𝑦1, 𝑦2, 𝑦3, …… . , 𝑦5)

𝑇, the state vectors of the drive system and the 

response system, respectively, represent. 

If a constant nonzero scaling factor is present, the system is called in projective synchronization, such that: 

lim
𝑡→∞

‖𝑌𝑖 − 𝛼𝑋𝑖‖ = 0   …….. (3) 

Proposed 5D economic chaotic system (drive system): 

{
 
 

 
 
𝑥̇1 = 𝑎(𝑥2 − 𝑥1) + 𝜆𝑋3𝑋5  
𝑥̇2 = −𝑏𝑥2 + 𝑥1𝑥3 − 𝛿𝑥4  

𝑥̇3 = 𝑐(𝑥4 − 𝑥3) + 𝜇𝑥1𝑥2
𝑥̇4 = −ⅆ𝑥4 + 𝜃𝑥2𝑥5 

𝑥̇5 = ⅇ(𝑥1 − 𝑥5) + 𝛾𝑥3
2

 

        …..   (4) 

Response system: 

 

{
 
 

 
 
𝑦̇1 = 𝑎(𝑦2 − 𝑦1) + 𝜆𝑦3𝑦5 + 𝑢1
𝑦̇2 = −𝑏𝑦2 + 𝑦1𝑦3 − 𝛿𝑦4 + 𝑢2 

𝑦̇3 = 𝑐(𝑦4 − 𝑦3) + 𝜇𝑦1𝑦2 + 𝑢3
𝑦̇4 = −ⅆ𝑦4 + 𝜃𝑦2𝑦5 + 𝑢4

𝑦5 = 𝑒(𝑦1 − 𝑦2) + 𝛾𝑦3
2̇ + 𝑢5

 

       ……   (5) 

 

Error definition for 𝜶𝒊 = 𝟏   

𝑒𝑖 = 𝑦𝑖 − 𝑥𝑖  ,    i = 1,2,⋯ ,5     …..   (6) 

Error dynamic equations 
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{
 
 

 
 
𝑒̇1 = 𝑎(𝑒2 − 𝑒1) + 𝜆(𝑒3𝑥5 + 𝑥3𝑒5) + 𝑢1
 𝑒̇2 = −𝑏𝑒2 + 𝑒1𝑥3 + 𝑥1𝑒3 − 𝛿𝑒4 + 𝑢2
𝑒̇3 = 𝑐(𝑒4 − 𝑒3) +  𝜇(𝑒1𝑥2 + 𝑥1𝑒2) + 𝑢3
 𝑒̇4 = −𝑑𝑒4 + 𝜃(𝑒2𝑥5 + 𝑥2𝑒5) + 𝑢4
𝑒̇5 = (𝑒1 − 𝑒5) + 2𝛾𝑥3𝑒3 + 𝑒4

      …… (7) 

Proposed controllers 

𝑢1 = −𝜆 (𝑒3𝑥5 + 𝑥3𝑒5) − (𝑎 + 𝑐)𝑒2 

𝑢2 = − 𝑒1𝑥3 − 𝑥1𝑒3 +  𝛿𝑒4 

𝑢3 = −𝜇(𝑒1𝑥2 + 𝑥1𝑒2) − 𝑐(𝑒4 − 𝑒3)     ……..  (8) 

𝑢4 = −𝜃(𝑒2𝑥5 + 𝑥2𝑒5) + 𝑑𝑒4 

𝑢5 = −𝑒(𝑒1 − 𝑒5) − 2𝛾𝑥3𝑒3 

We define the Lyapunov condition function as a: 

𝑉(𝑒) =
1

2
∑ 𝑒𝑖

25

𝑖=1
=

1

2
‖ⅇ‖2    (6) 

Time driving of the Lyapunov function:  

𝑉̇(𝑒) = −𝑎𝑒1
2 − 𝑏𝑒2

2 − 𝑐𝑒3−
2 − ⅆ𝑒4

2 − ⅇ𝑒5
2    ……..  (9) 

x1: (GDP or Economic Growth): Represents aggregate economic activity and is used to measure the change in 

output over time. This variable was introduced into the first equation to reflect the dynamics of interaction with 

other variables. The associated coefficients (such as 𝑎) were adopted as theoretical foundations based on 

previous studies. 

x2: (Investment Spending Rate): Reflects investment decisions and has been linked to changes in growth and 

profitability, reflecting the role of investment in stimulating or inhibiting economic growth. The coefficients 

here are based on previous economic literature. 

x3: (Interest Rate or Inflation): Reflects fluctuations in monetary policy or the effects of inflation, and is 

modeled to demonstrate its impact on the remaining variables through nonlinear relationships. The coefficients 

were estimated based on well-studied assumptions and a balance between theory and practice. 

x4: (Government Spending or Subsidies): Represents state intervention in the market through public spending 

and was introduced to represent the impact of this spending on stability or chaos in the system. Approximate 

values were used based on data published in contemporary economic studies. 

x5: (Public Debt or Fiscal Gap): Represents the debt or budget deficit and its cumulative impact on the economy. 

It was linked to other components as an indicator of aggregate fiscal stress, and parameter values were used 

based on previous models, with some theoretical adjustments to fit the proposed model. 

Thus, the model was constructed by integrating theoretical approaches based on the economic literature, taking 

into account the mathematical and dynamic consistency between variables to reflect the reality of nonlinear 

economic systems. 

3. Results and discussion   

This section presents numerical results of the estimated synchronization between the proposed five-dimensional 

chaotic drive system and its controlled response system under various scaling factors on 𝛼𝑖. The dynamics of 

the system were simulated using the fourth-order Runge-Kutta integration plan with the time of 𝑑𝑓 = 0.001, 

and all control inputs 𝑢𝑖 were designed based on the direct method of Lyapunov. 

Case 1: Complete synchronization (𝛼𝑖 = 1) 

In this scenario, the response system is expected to follow the dynamics of the drive system. As shown in Figure 

2, all synchronization errors 𝑒𝑖(𝑡) = 𝑦𝑖(𝑡) − 𝑥𝑖(𝑡) convert rapidly into zero. This confirms the successful 
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complete synchronization of all five economic indicators, the meaning of complete policy replication or 

benchmarking between the two economic systems. 

 

Figure 2. Complete synchronization (𝛼𝑖 = 1) 

Case 2: Anti-Synchronization (𝜶𝒊 = −𝟏): In this scenario, the response system mirrors the inverse behavior of 

the drive system, which is particularly useful in economic modeling where counter-cyclical interventions are 

required. As illustrated in Figure 2, the synchronization errors converge toward zero 𝑒𝑖(𝑡) = 𝑦𝑖(𝑡) + 𝑥𝑖(𝑡), 

confirming the stability of the anti-synchronization behavior. This effectively models policies such as inflation-

control measures or fiscal contraction strategies during overheated economic conditions. 

 

Figure 3. Anti-synchronization (𝛼𝑖 = −1) 
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Case 3: Hybrid Synchronization 𝜶𝒊 = [𝟏,−𝟏, 𝟏,−𝟏, 𝟏]: Hybrid behavior is achieved by assigning different 

scaling factors to each state variable. Figure 4 demonstrates this mixed synchronization, where some variables 

exhibit positive synchronization while others track in reverse. This represents a more nuanced and realistic 

economic framework in which selective or targeted interventions are applied across different sectors or 

indicators. 

Case 4: Amplified Synchronization (𝜶𝒊 = 𝟐): In this case, the response system follows an amplified version of 

the drive system’s dynamics. As shown in Figure 5, synchronization errors still converge to zero despite the 

magnified scaling. This scenario can model bold economic policies such as large-scale stimulus packages or 

aggressive foreign direct investment incentives aimed at accelerating macroeconomic alignment and recovery. 

 

Figure 4. Amplified synchronization (𝛼𝑖 = 2) 

 

Figure 5. Synchronization error dynamics for different scaling factors 𝜶 
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Convergence analysis for the economic model we used: 

𝑒𝑖(𝑡) = 𝐴𝑖 . 𝑒 𝑘𝑖 . sin(𝜔𝑖(𝑡)) or 𝐶𝑜𝑠(𝜔𝑖(𝑡))     (10) 

• 𝐴𝑖  is an initial implementation  

• 𝑘𝑖 > 0 decay rate (determinant speed of convergence) 

• 𝜔𝑖 Oscillation frequency  

These are derived from Lyapunov based on the control law, which ensures that the errors are globally 

asymptotically stable: 

i.e.  lim
𝑡→∞

𝑒𝑖(𝑡) = 0                   (11) 

 

Figure 6. Convergence of the 5D economic chaotic system 

Table 1. Parameters and economic interpretation of the 5D economic model 

Symbol Description Value 

𝒙𝟏 Inflation Rate - 

𝒙𝟐 Exchange Rate - 

𝒙𝟑 Unemployment Rate - 

𝒙𝟒 Gross Domestic Product (GDP) - 

𝒙𝟓 Foreign Direct Investment (FDI) - 

a Adjustment rate of inflation 9 

b Dissipation rate of exchange 5 

c GDP response rate 18 

d Decay rate of GDP 3 

e Correction factor of investment 1.5 

𝝀 Interaction strength between 𝑥3 and 𝑥5 0.7 

𝜹 Link between exchange and GDP 2.5 

𝝁 Effect of inflation-unemployment coupling 1.2 

𝜽 Influence of exchange on GDP 1.5 

𝜸 Nonlinear gain in investment from 𝑥3 4 
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Table 2. Control laws for different synchronization modes based on scaling factor 𝜶 

Synchronization Mode 𝜶 Controller Behavior 

1 Complete synchronization; controllers ensure 𝑦𝑖 → 𝑥𝑖 

-1 
Anti-synchronization; controllers ensure 

𝑦𝑖 → −𝑥𝑖 

±1 Hybrid synchronization: a combination of positive/negative scaling 

2 Amplified synchronization; response doubles the drive system 

0.5 Damped synchronization; response follows at half scale 

3 Strong amplification of drive dynamics 

Table 3. Simulation parameters and initial conditions for the drive and response system 

Parameter Value Description 

Time Step 0.005 Numerical integration step size 

Simulation Duration 0 to 50 Time interval for simulation 

Integration Method 4th order Runge-Kutta ODE solver 

Initial Conditions (Drive) [1,1,1,1,1] 𝑥1to 𝑥5 at 𝑡 = 0 

Initial Conditions (Response) [2,2,2,2,2] 𝑦1to 𝑦5 at 𝑡 = 0 

Table 4. Error convergence summary for various scaling factors 𝛼 

Scaling Factors 𝜶 Max Error e1 Final Error e1 Avg Error e1 Synchronization 

-1 2.1 0.01 0.15 yes 

0.5 1.3 0.005 0.08 yes 

1 1.8 0.001 0.06 yes 

2 2.4 0.002 0.10 yes 

3 3.2 0.004 0.12 yes 

Table 5. Economic variables and their chaotic dynamic interpretations 

Symbol Economic Description Chaotic Dynamic Interpretation 

𝒙𝟏 Inflation Rate 
Influenced by internal economic drivers and its dynamic 

interaction with the exchange rate𝑥2. 

𝒙𝟐 Exchange Rate 
Exhibits fluctuations that affect both unemployment and 

gross domestic product (GDP). 

𝒙𝟑 Unemployment Rate 
Dynamically shaped by inflationary trends and changes in 

GDP. 

𝒙𝟒 
Gross Domestic Product 

(GDP) 

Reflects production capacity and is sensitive to shifts in 

unemployment. 

𝒙𝟓 
Foreign Direct Investment 

(FDI) 

Dependent on macroeconomic conditions such as growth 

rate, inflation, and overall economic stability. 
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Table 6. Projective synchronization scaling factors 𝜶𝒊 and their economic interpretations 

Variable Scaling Factor 𝜶𝒊 Economic Interpretation 

𝒙𝟏 (Inflation) 𝛼1= 0.5 
A flexible policy aiming to reduce inflation at half the 

current rate. 

𝒙𝟐 (Exchange Rate) 𝛼2= -1 
Counter-cyclical intervention is designed to absorb 

external economic shocks. 

𝒙𝟓 (Foreign Investment) 𝛼5= 2 
Proactive investment policy aimed at doubling FDI 

inflows through incentives and legislative reforms. 

Tables 5 and 6 show a 5-dimensional chaotic economic model that integrates five core macroeconomic 

variables: inflation rate (x₁), exchange rate (x₂), unemployment rate (x₃), GDP (x₄), and foreign direct investment 

(FDI, x₅), each representing fundamental aspects of nonlinear and unstable economic behavior. The model 

captures the dynamic link between inflation and exchange rate (x₁–x₂), as well as the influence of currency 

volatility on employment and output (x₂–x₃, x₄). Unemployment (x₃) responds chaotically to changes in inflation 

and GDP, while GDP itself (x₄) evolves irregularly due to inflation and labor market pressures. FDI (x₅) reflects 

external investor sensitivity to domestic conditions. The model incorporates scaling factors αᵢ for 

synchronization control: α₁ = 0.5 for damped inflation policy, α₂ = −1 for counter-cyclical exchange 

interventions, and α₅ = 2 for amplified investment strategies. By combining hybrid projective synchronization 

with chaotic mobility, the model imitates realizably convertible economic policies with convertible regional 

reactions, offering a strong equipment to analyze macroeconomic stability, systemic risks and target policys, 

designing economic references, which refers to an important requitement in two economies. This reflects high 

coordination between governments or economic integration, such as Customs Association. On the other hand, 

anti-synchronization refers to opposed to economic movements and can be used to deliberately to reduce the 

intellect, such as when one country adopts an expansionist policy, while the other adopts a penance policy to 

avoid general crises or control trade imbalances. 

The proposed five-dimensional chaotic economic system is designed to model non-linear interactive dynamics 

of macroeconomic variables, demonstrating unstable or unpredictable behavior in widely developing 

economies. The system integrates five major components’₁: inflation rate, x₂: exchange rate, x₃: unemployment, 

x₄: gross domestic product (GDP), and x₅: foreign direct investment (FDI), each driven by realistic economic 

interactions encoded through ten parameters. As outlined in Table 1, parameters such as the adjustment rate of 

inflation (a = 10), the GDP response rate (c = 28), and the investment correction factor (e = 1.5) govern the 

system’s sensitivity to internal changes. Coupling terms such as λ = 0.03 (capturing the interaction between 

unemployment and FDI) and μ = 0.05 (representing the nonlinear link between inflation and unemployment) 

model cross-sector feedback. These relationships form a strongly coupled nonlinear system capable of 

generating complex chaotic trajectories—ideal for simulating economies prone to fluctuations, external shocks, 

or sudden policy shifts. 

The system's behavior under various projective synchronization scaling factors α (Table 2) was evaluated using 

specially designed nonlinear control laws derived from Lyapunov’s direct method. The synchronization 

controller ensures that the response system tracks a scaled version of the drive system: α = 1 corresponds to 

complete synchronization (perfect tracking), α = −1 corresponds to anti-synchronization (inverse response), α 

= 0.5 yields a damped response, and α = 2 produces amplified dynamics (representing intensified policy effects). 

These synchronization modes allow the model to simulate a wide range of real-world economic conditions from 

moderate interventions to destabilizing market reactions. 

Simulations were conducted using a fourth-order Runge-Kutta method over a time interval of 0 to 50 units with 

a step size of 0.005, as specified in Table 3. Initial conditions were deliberately chosen to reflect divergence 

between the drive and response systems (e.g., drive = [1,1,1,1,1]; response = [2,2,2,2,2]) to test the robustness 

of the control strategy. Synchronization errors converged across all α values, confirming global stability. This 
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is numerically supported in Table 4, where the maximum synchronization error (e₁) was recorded for each α: 

the highest occurred at α = 3 (max error = 3.2) due to strong amplification, whereas the lowest final error was 

observed at α = 1 (0.001), indicating highly accurate complete synchronization. Average synchronization errors 

remained low across all modes (ranging from 0.06 to 0.15), demonstrating that the control scheme remained 

effective even under extreme or inverted dynamics. 

The figures associated with each synchronization mode further validate these findings. Figure 2 demonstrates a 

perfect overlap between xᵢ and yᵢ, with synchronization error curves rapidly approaching zero. Figures 3 and 4 

illustrate inverse tracking under anti-synchronization, while Figures 5 and 6 (for hybrid and amplified 

synchronization) exhibit consistent error damping and stable magnified response trajectories. These visual 

confirmations align with the numerical convergence results, showing that the control strategy successfully 

stabilizes the nonlinear economic system under varying degrees of alignment. Compared to previous literature, 

the proposed model demonstrates superiority in its ability to more realistically represent nonlinear interactions 

between economic variables. It also allows for the study of multiple types of synchronization (full, partial, and 

reverse), unlike traditional models that have often focused on full synchronization only. These features reflect 

a qualitative contribution to understanding the behavior of dynamically developing economies. 

4. Conclusion 

In conclusion, the proposed five-dimensional chaotic economic model constitutes a coherent scientific 

framework that is mathematically stable and can be validated using computer simulations, making it an effective 

tool for studying macroeconomic instability phenomena. Its importance lies in its ability to represent the impact 

of economic policies, whether austerity or expansionary, through structured scaling factors, making it suitable 

for policy experiments, planning, and forecasting shifts in volatile or highly sensitive economic environments. 

The integration of the analytical design of the control system with mathematical stability proofs, numerical 

simulation results, and error convergence analysis enhances the credibility of the synchronization approach used 

and confirms the model's practical value in real-world economic contexts. 

The proposed economic model relies on several assumptions that may limit the generalizability of its results. 

These include that the coefficients are constant over time and do not change with changes in policies or external 

conditions, which does not reflect the true dynamics of some developing economies. The model also assumes a 

perfect nonlinear interaction between variables without taking into account external shocks or the impact of 

geopolitical factors. Furthermore, some parameter values were adopted based on theoretical sources or previous 

literature without comprehensive empirical validation, which may affect the accuracy of the simulation in 

practice. 

These controllers were developed based on the Lyapunov direct method to ensure system stability and 

synchronization among its components. Under this approach, the model was able to embody multiple types of 

synchronization, including full synchronization, inverse synchronization, hybrid synchronization, and extended 

projective synchronization. Numerical simulation results demonstrated the efficiency and robustness of the 

proposed synchronization strategies, demonstrating their ability to control the dynamic behavior of a complex 

economic system and achieve stable convergence between key macroeconomic variables. The model can be 

expanded in future studies to include external shocks or time-varying effects, enhancing its realism. It can also 

be applied to real economic data for comparison. 
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